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Introduction
from: Subsumptions of Algebraic Rewrite Rules, ACT23

simultaneous application of rules, with merging of direct transformations
through subsumptions

inspired by: Global Graph Transformations by Fernandez, Maignan, Spicher
2015-... and Parallel Coherent Graph Transformations by Boy de la Tour,
Echahed, WADT 2020.

but: ACT23 not devoted to a single approach

Summary:
partial transformations

subsumptions

tools for SPO transformations

subsumptions of SPO rules

final remarks
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Algebraic approaches to GT

approach features

DPO existence of POC
SPO removes unmatched items (non locality)
SqPO duplications, non locality
PBPO duplications, co-match, non locality

what do they have in common?

they end in PO ñ D a C-span D k
ÐÝ K

r
ÝÑ R

D is obtained from G by deletion/duplication
or: G is obtained from D by merging/extension
or: Df : D Ñ G
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Partial transformations

A partial transformation τ is a C-diagram G
f
ÐÝ D

k
ÐÝ K

r
ÝÑ R

approach = rule ÐÝ [ direct transformation ÞÝÑ partial transformation

τ 1 subsumes τ if it can be obtained from τ by further
deletions/duplications and further mergings/extensions

ñ a subsumption morphism σ : τ Ñ τ 1 is pσ1, σ2, σ3q such that

G D K R

G1 D1 K 1 R1

f k r

f 1 k1 r1

“ σ1 σ2 σ3

commutes ñ category Cpt
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Rewriting Environments (RE)

A Rewriting Environment for C is R D Cpt
R P

where:
D is a category of direct transformations and subsumptions

R is a category of rules and subsumptions

R and P are functors

S R

D C

1

Cpt

D|GD|SG

rule system

R

P In

G

The subsumptions in D|SG are induced by the subsumptions in S
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Link from R to D

problem: D discrete ñ D|SG discrete

ÝÑ in R D Cpt
R P

we need a constraint on D-morphisms
w.r.t. R-morphisms

But R not full: take δ, δ1 P D s.t. R δ “ R δ1 . . .

δ, δ1 are related only if R δ σ
ÝÑ R δ1 and their matchings are related

accordingly

problem: find largest possible R and D such that

R δ
σ
ÝÑ R δ1 and mδ

σ
ÝÑ mδ1 ñ D!µ : δ Ñ δ1 s.t. Rµ “ σ

in ACT23: done for DPO (in adhesive categories), SqPO and PBPO
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SPO

Löwe, Algebraic Approach to Single-Pushout Graph Transformation, TCS93

graph structures Ñ categories of presheaves pC “ SetC
op

where C small

PO of partial morphisms are based on:
1. subcategory I of inclusion morphisms A i

ãÑ B

2. direct images: for A1 ãÑ A
h
ÝÑ B there is a unique h�A1 s.t.

A B

h�A1A1

h

commutes
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SPO

3. inverse images: for A h
ÝÑ B Ðâ B1 there is a unique h�B1 s.t.

A B

B1h�B1

h

4. complete lattice pI,\,[q s.t.

h�pA\Bq “ ph�Aq \ ph�Bq

h�pA\Bq “ ph�Aq \ ph�Bq

h�ph�B1q “ B1 [ ph�Aq pfor A h
ÝÑ B Ðâ B1q
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SPO direct transformations

L S T

L K R

G D H

l

=

f

s

r

m k

K “ \tJ ãÑ S [ L s.t. s�ps� Jq “ J and m�pm� Jq “ Ju

R “ \tJ ãÑ T s.t. s� J ãÑ Ku and D “ \tJ ãÑ G s.t. m� J ãÑ Ku

D

G L S T

KK R

f

l

“k r

sm
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Subsumptions ?

if

R δ

R δ1

σ

L S T

L1 S1 T 1

l s

l1 s1

?

and m σ
ÝÑ m1 then D!µ : δ Ñ δ1 s.t.

δ1

δ
µ

D1

D
G1

G

L1

L

S1

S

?
T 1

T

K 1

K

K 1

K

R1

R

l

“k

“k1

r

r

s

s1

m

m1

l1
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A theorem

if

R δ

R δ1

σ

L S T

L1 S1 T 1

l s

l1 s1

σ1 σ2 σ3

and m “ m1 ˝ σ1 then D!µ “ pµ1, µ2, µ3, σ1, σ2, σ3q s.t.

δ1

δ
µ

D1

D
G1

G

L1

L

S1

S

T 1

T

K 1

K

K 1

K

R1

R

l

=

µ1

“k

“k1

r

r

s

s1

m

m1

σ1 σ2 σ3

µ2 µ3

l1

Thierry Boy de la Tour CNRS, Université Grenoble Alpes, FranceSubsumptions of SPO Rules TERMGRAPH 2024 11 / 13



A strange lemma

Lemma

If

AB

CD

J
h

k and k�pk�pJ [ h�Aqq “ J [ h�A

then k�pk� Jq “ J

Proof.
if not then Ds P C, Dx P Js s.t. k�

spkspxqq Ę Js
hence Dx1 P BszJs s.t. kspx1q “ kspxq

AsBs

CsDs

x‰x1 P

kspxq P

hs

ks by GC x1, x P h�
s As, hence x P pJ [ h

�Aqs

hence x1 P k�
spkspxqq Ď pJ [ h

�Aqs contradiction
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Comparison with DPO

L K R

L1 K 1 R1

l r

l1 r1

σ1 σ2 σ3

with pC, RSPO is a subcategory of RDPO

RDPO DDPO

DãÑ
DPO

DSPO

RSPO

RSPO

Cpt

Cpt

RDPO PDPO

RSPO PSPO

=

=
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